We investigate the behaviour of two-dimensional quantum field theories with N = (0, 2) supersymmetry under a deformation induced by the "TT " composite operator. We show that the deforming operator can be defined by a point-splitting regularisation in such a way as to preserve N = (0, 2) supersymmetry. As an example of this construction, we work out the deformation of a free N = (0, 2) theory and compare to that induced by the Noether stress-energy tensor. Finally, we show that the N = (0, 2) supersymmetric deformed action actually possesses N = (2, 2) symmetry, half of which is non-linearly realised.
Introduction and summary
A fruitful way to gain new insight on Quantum Field Theories (QFTs), and indeed on many physical theories, is to start by studying a particularly simple theory-for instance one that can be solved completely by virtue of its symmetries-and deform it. Generally, of course such deformations can be only understood in some perturbative or even formal expansion in a small parameter. In rare cases it is possible to treat the perturbation exactly, at least for the purpose of computing certain observables. Important examples of this type arise for instance for two-dimensional QFTs as marginal deformations which preserve the scaling invariance of a two-dimensional relativistic Conformal Field Theory (CFT), and (relevant) integrable deformations which introduce a mass scale while preserving an infinite set of symmetries of the original (conformal) QFT. A recent addition to these two classes is that of so-called TT deformations of two-dimensional QFTs. They arise by deforming any Poincaré-invariant theory by a composite operator built as the determinant of the stressenergy tensor [1] , leading to an irrelevant deformation. Not only does this deformation preserve many of the symmetries of the underlying theory (which makes it very interesting to study TT deformations of integrable QFTs and CFTs) but it modifies the theory's spectrum in a simple, "solvable" way [2, 3] . 1 Following these observations, several other interesting properties of such deformations have recently been analysed. In the case of integrable theories these deformations can be understood [2, 3] as a modification of the factorised S matrix by a universal "CDD" [9] factor. Such CDD factor is rather peculiar, because it deforms the large-energy ultraviolet properties of the original theory-in accord with the fact that TT deformations are "irrelevant"-rather than introducing poles as it is usually the case for integrable deformations. Interestingly, the "TT " CDD factor had also appeared in the study of the S matrix on the worldsheet of flat-space strings [3, [10] [11] [12] [13] [14] [15] , strongly suggesting that flat-space strings are the TT deformation of a free theory (a fact that can also be substantiated from a Lagrangian or Hamiltonian analysis [3, 14, 15] ). Indeed TT deformations are naturally related [14, 15] to the "uniform" light-cone gauge which is quite natural for the study of integrable strings theories [16] [17] [18] , and the TT CDD factor also describes the scattering on more general backgrounds such as AdS 3 Wess-Zumino-Witten backgrounds [14, 19, 20] . 2 A separate, but equally interesting link between TT deformations and AdS 3 strings appears in the context of holography [26] [27] [28] [29] [30] [31] [32] [33] , where the deformed two-dimensional theory is the holographic dual of some (AdS 3 ) gravity or string theory, rather than being a worldsheet theory.
The "irrelevant" nature of TT deformations leads to a number of very peculiar consequences. It turns out that TT -deformed QFTs can also be understood as a gravitational theory, and more specifically [34] [35] [36] [37] as coupling the original two-dimensional theory to Jackiw-Teitelboim gravity [38, 39] . For a generic theory, furthermore, the TT flow induces a singular behaviour of some of the energy levels for a finite value of the deformation parameter [2, 3] . One exception to this scenario are supersymmetric QFTs which admit a well-defined flow. This is in good accord with the fact that some superstring theories can be described as TT deformations; interestingly, this setup seems to be well-defined even when supersymmetry is non-linearly realised [20] . Such musings, together with the intrinsic interest in supersymmetric CFTs, spurred a systematic investigation of the relation between TT deformation and supersymmetry [15, 40] . So far, this investigation focussed on theories with N = (0, 1) and N = (1, 1) supersymmetry.
The aim of this note is to extend such considerations to the case of extended N = (0, 2) supersymmetry. The conclusion is that indeed, TT deformations can be defined in such a way as to manifestly preserve the extended supersymmetry. In particular, the deforming operator can be thought of as the supersymmetric descendant of some suitable composite 1 A number of generalisations of TT , involving other conserved currents, has also been considered in the literature [4] [5] [6] [7] [8] .
2 Such backgrounds are supported by Neveu-Schwarz-Neveu-Schwarz fluxes only; the worldsheet scattering for AdS3 backgrounds involving Ramond-Ramond fluxes is substantially more involved [21] [22] [23] , as it may also be understood by worldsheet-CFT considerations [24] , see e.g. ref. [25] .
operator. Still, there are a few technical complications and conceptual subtleties with respect to the cases known in the literature which we find worth addressing in some detail. We begin our note by introducing the N = (0, 2) framework in section 2 and 3. After reviewing in section 2 the structure of the N = (0, 2) supercurrent multiplet, in section 3.1 we construct the TT operator as the supersymmetric descendant of a suitably defined composite operator, which is constructed out of the coincident-point limit of a quadratic combination of the supercurrents. Here we encounter a new feature: the primary operator does not take the form discussed by Smirnov and Zamolodchikov [2] , yet it is possible to show that the coincident-point limit is free of short-distance singularities. Interestingly, the well-definedness arguments that we develop in this paper apply also for TT deformations of N = (2, 2) supersymmetric QFTs and JT /TJ deformations. Also in these cases, as we will report in the near future [41, 42] , the primary operators are not of Smirnov-Zamolodchikov type, yet they are well-defined.
As an example of this construction, in section 4 we work out the supersymmetric TT deformation of a free N = (0, 2) action, and compare it with the one constructed out of the Noether TT operator. The latter is most easily obtained from the Green-Schwarz string, see ref. [15] . We conclude that while apparently different, the two deformations are equivalent on shell as expected. Finally, in section 5 we show that the deformation of the free theory also describes the partial supersymmetry breaking from N = (2, 2) to N = (0, 2). In fact, such a TT deformed action is equivalent to the model of partial supersymmetry breaking in two-dimensions by Hughes & Polchinski [43] , see also ref. [44] , which describes a N = (0, 2) extension of a 4D Nambu-Goto superstring action. The action also shares several analogies with the four dimensional Bagger-Galperin action describing the partial supersymmetry breaking from N = 2 to N = 1 in four dimensions [45] . This is a further example of how TT -deformed theories possess non-linearly realised (super)symmetries, which is something that would be interesting to explore in greater detail. Some first results will appear in the near future [41, 46] . In particular, it can be shown that the TT deformation of free N = (2, 2) theories also describe supersymmetric extensions of a 4D Nambu-Goto superstring action possessing extra N = (2, 2) non-linearly realised supersymmetry. In the N = (2, 2) case, the resulting actions can in fact be recast in forms that are formally identical to the 4D Bagger-Galperin action [45] for the supersymmetric extension of the DBI action, hinting at a TT structure of the latter. It was already been shown in [37] , that the classical bosonic 4D DBI action satisfy a peculiar TT -flow equation. The same property generalise to the supersymmetric case [46] .
Supercurrent multiplet in (0,2)
Let us review the structure of the supercurrent S-multiplet of two dimensional N = (0, 2) supersymmetric field theories that we will need in our paper. In this section we follow the paper of Dumitrescu and Seiberg [47] , including their conventions.
In light-cone coordinates, a flat 2D N = (0, 2) superspace is parametrised by
with θ + a complex Grassmann coordinate andθ + its complex conjugate. The spinor covariant derivatives and supercharges are given by
and obey the anti-commutation relations
with all the other (anti-)commutators between Ds, Qs, and ∂ ±± being identically zero. Given an N = (0, 2) superfield 3 F(ζ) = F(σ, θ) its supersymmetry transformations are given by
Here + and its complex conjugate¯ + are the complex fermionic supersymmetry transformation parameters. If F (σ) is the operator defined as the θ + =θ + = 0 component of the superfield F(ζ), F (σ) := F(σ, θ)| θ=0 , then its supersymmetry transformations are such that
We will indicate by Q + andQ + the supersymmetry generator acting on a component operator and distinguish them from Q + andQ + , which are linear differential operators acting on superfields.
In two-dimensional N = (0, 2) supersymmetric field theories, the supercurrent Smultiplet is defined by the following constraints [47] 
6a)
6b)
6c)
6d)
where the complex constant C is associated with a space-time brane current. Since this term leads to symmetry breaking [43, 47] , in this paper for simplicity we will set it to zero, C = 0.
3 For convenience we will equivalently use the notations
particular, we will often indicate collectively by θ the dependence on both θ + andθ + .
In components, the supercurrent S-multiplet is given by
The j ++ (σ), S +±± (σ),S +±± (σ), T ±±±± (σ), and T ++−− (σ) fields arise as the lowest, θ + = θ + = 0, components of the superfields S ++ (ζ), W − (ζ),W − (ζ), and T −−−− (ζ) together with their descendants,
In the paper we will also use the definitions
From the supercurrent equations (2.6) together with the definitions (2.8), one can derive the conservation equations
(2.10)
These imply that the supersymmetry currents S +±± andS +±± are conserved while the energy-momentum tensor T µν is real, symmetric and conserved. It is possible to modify the S-multiplet by a class of "improvement terms" without changing its defining constraint equations (2.6). This is analogous to how the energymomentum tensor can be modified by improvement terms that do not affect its conservation equations. The improvement transformations that leave invariant the S-multiplet conservation equations are
where U(ζ) is a real scalar superfield with lowest component field U (σ) := U(ζ)| θ=0 . The improvement transformations of the energy-momentum tensor induced by (2.11) are
It is clear thatT µν is also real, symmetric and conserved. The S-multiplet described above is the most general supercurrent multiplet for a Lorentz invariant and N = (0, 2) supersymmetric quantum field theory in two spacetime dimensions. In some cases, the multiplet is decomposable and the currents can be improved. A case that will play a central role in our paper is the R-multiplet. This arises when C = 0, which is indeed the case under our consideration, and when there is a well-defined real superfield R −− (ζ) resolving the chirality constraint of W − (ζ) as
(2.13)
The defining conservation equations for the R-multiplet can then be written as 4
14a)
14b)
where R ++ ≡ S ++ . The main consequence of the extra constraints imposed on the Rmultiplet is the existence of an extra conserved vector current j ±± (σ) 15) with j −− := R −− | θ=0 . This current is associated to 2D N = (0, 2) theories possessing a U (1) R R-symmetry. As described in appendix B, the R-multiplet naturally arises from N = (0, 2) Poincaré supergravity. In the explicit examples of 2D N = (0, 2) theories which we will consider in our paper, we will always compute the supercurrent multiplet by means of coupling the theory to supergravity with a procedure that mimics the calculation of the Hilbert stress-energy tensor from gravity. This approach will guarantee that the resulting supercurrent multiplet will be an R-multiplet. We conclude this section by mentioning that in a 2D N = (0, 2) superconformal field theory (SCFT) the S-multiplet can be further simplified. In fact, for a SCFT with N = (0, 2) supersymmetry, C = 0 and W − can be set to zero by an improvement transformation. Then the S-multiplet only contains a right-moving superfield current S ++ (ζ), ∂ −− S ++ = 0, and a left-moving anti-chiral superfield T −−−− (ζ), D + T −−−− (ζ) = 0. This leads to a set of left-and right-moving currents in components.
3 The TT operator and N = (0, 2) supersymmetry After having described in the previous section the structure of the S-multiplet, we are ready to prove that the TT operator [1] 
is a supersymmetric descendant, in complete analogy to the N = (0, 1) and N = (1, 1) cases first studied in [15, 40] . 4 The R-multiplet conservation equations are also derived from supergravity in the appendix B.
The TT primary operator
We propose the N = (0, 2) supersymmetric primary TT operator to be given by the following combination of the S-multiplet superfields
In fact, it is a straightforward exercise to show that the following relation holds
where with "EOM's" we mean terms that are identically zero when the S-multiplet conservation equations (2.6) are used. Since the conservation equations classically hold only when the equations of motion are satisfied, the previous results show that, on-shell and up to total derivatives, the previous descendant is equivalent to the TT operator (3.1). Quantum mechanically, the same statement is true for the corresponding operators since conservation equations (Ward identities) hold in correlation functions (up to contact terms).
If we now define
by using the previous results, up to total derivatives and EOM's, the operator O(σ), eq. (3.1), satisfies
Then, O −− (σ) is the supersymmetric primary operator of the multiplet containing O(σ) as its bottom component. Hence the TT deformation for an N = (0, 2) supersymmetric quantum field theory is manifestly supersymmetric since eq. (3.5) implies
The TT primary operator (3.2) is defined uniquely by the requirement that O(σ) is its descendant, up to conservation equations and total derivatives. Another virtue enjoyed by O −− (ζ) is that its form, up to total derivatives, is invariant under the improvement transformation (2.11):
This is not too surprising since the combination (T −−−− T ++++ − Θ 2 ) is invariant under the improvement transformations (2.12).
Point-splitting and well-definedness
As shown by Zamolodchikov in his seminal work [1] , one of the main properties of the TT operator O(σ) is to be free of short-distance divergences and hence to be a welldefined, though irrelevant, composite local operator. More in general, it was later shown by Smirnov and Zamolodchikov in [2] that given two pairs of conserved currents (A s , B s+2 ) and (A s , B s −2 ) such that
is free of short-distance divergences and, up to total derivative terms, independent of the separation (σ − σ ). Here s and s label spins. Hence, any composite local operator of the "Smirnov-Zamolodchikov" type,
is well-defined. This is indeed the case of the bosonic TT operator O(σ). In the case of N = (0, 1) and N = (1, 1) supersymmetric TT deformations, the primary TT superfield operators are still of Smirnov-Zamolodchikov type [15, 40] , hence well-defined and leading to a whole multiplet of well-defined composite operators. In the N = (0, 2) case, the TT primary operator
2) is not of Smirnov-Zamolodchikov type. It is then natural to wonder whether the primary O −− (σ) can also be defined by a similar point-splitting procedure without incurring in short-distance singularities. Were this not the case, we would have an apparent clash between supersymmetry and the structure of the TT deformation at the quantum level. We shall see below that, owing to supersymmetry, O −− (σ, θ) can be indeed defined in superspace by a point-splitting procedure of the bosonic coordinate 5 σ in analogy with the arguments of [1, 2] .
Let us consider a point-split version of the N = (0, 2) primary TT operator,
We want to show that the previous bilocal superfield is free of short distance divergences in the limit σ → σ . Following refs. [1, 2] , let us compute
which is the fully superspace point-split version of O −− (ζ)-from that, we will easily extract
After some straightforward algebraic manipulation, and by using the fact that
, it is possible to derive the following result
Here with "EOM's" we again refer to terms that are identically zero once the conservation equations (2.6) for the S-multiplet are used while with the last two terms in (3.12) we indicate terms that are superspace total derivatives, such as for example the vector derivatives (∂ ±± + ∂ ±± ) or the spinor derivatives (D + + D + ), acting on bilocal operators. The precise expressions for (3.12) are given by eq. (A.1a) and (A.1b) in appendix A where we collect some technical results and explanations that support the analysis of this subsection. When we consider the coincident limit θ = θ in the Grassmann coordinates, thanks to (A.2), equation (3.12) can be rewritten in the following useful form
where the supersymmetry generators appear instead of the covariant spinor derivatives. In the previous expression (∂ + ∂ ) generates translations in the σ and σ coordinates while schematically (Q + Q ) generates supersymmetry transformations of the bilocal operators they act upon. 6 The results presented above are reminiscent of Zamolodchikov's argument to prove the well-definedness of the bosonic TT operator, as well as to the arguments used in the N = (0, 1) and N = (1, 1) cases [15, 40] . A new feature with respect to those cases are the supersymmetry-transformation terms, which represent a natural generalisation of the translation contribution. Still, Zamolodchikov's OPE argument of [1] can be used almost identically here in the θ = θ limit, which is sufficient to probe the short distance singularities in σ → σ . Let us briefly review it. By setting to zero the EOM's terms, the left hand side of (3.13) has an OPE expansion of the form
with {O I (ζ )} a complete set of local superfield operators, depending on the Grassmann coordinate θ = θ. Similarly, the right hand side of (3.13) will schematically be of the form 15) which is equivalent to
Hence the OPE of ∂ ±± O −− (σ, σ , θ) involves only derivatives and supercovariant derivatives of local operators. This means that the OPE of O −− involves only such derivatives, or terms
such that the coefficients F I are actually constant (so that ∂ ±± F I = 0), i.e. regular terms. Then, the point-splitted superfield operator leads to the definition of the composite N = (0, 2) TT primary: arising from the regular, non-derivative part of the OPE-precisely as for the purely bosonic TT operator of [1] . When considering the integral of O −− (ζ) in superspace, only the regular terms in the OPE would contribute. As a result the integrated operator
is free of any short distance divergence and well-defined.
As a further evidence of the consistency of the previous point-splitting argument with supersymmetry, one can consider the point-split version of eq. (3.3) and show that 19) with the terms in the ellipsis being a simple point-split generalisation of the total derivatives appearing in eq. (3.3). This shows explicitly that the descendant of the point-split primary TT operator is equivalent, up to Ward identities and total vector derivatives, to the pointsplit version of the descendant (standard) TT operator.
Deforming the free supersymmetric action
After having described some general properties of the N = (0, 2) TT operator, we are ready to study TT deformations. We will focus our attention for the rest of the paper on the simplest possible case: the T T deformation of a free action with N = (0, 2) supersymmetry. Though simple, we will see that a detailed analysis of this model is nontrivial and rich.
Before turning to the supersymmetric analysis, let us briefly recall the form of the T T deformation of a bosonic action for a complex boson whose free action is
The aim of our analysis is to consider the supersymmetric extension of this simple model and derive its integrated deformation. The TT -deformed action of the above free scalar can be compactly written as [3] S α,bos = d
where we have introduced the short-hand notation
It is such that
where O(σ) = det[T µν (α)] with the stress-energy tensor of (4.2) given by
It is not difficult to make an educated guess for the N = (0, 2) supersymmetric extension of such a bosonic action, by requiring firstly the action is manifestly supersymmetric and secondly that its bosonic part is given by eq. (4.2). We can easily take care of the former requirement by working in superspace; as for the latter, let us note that the bosonic action can be recast in the form
This immediately suggests the following manifestly off-shell supersymmetric action:
which we have written in terms of the chiral and anti-chiral superfields Φ andΦ. They satisfy D +Φ =D + Φ = 0 and are given by the following expansion in component fields
We have also introduced the bilinear combinations
Notice that they are simply related to the short-hand x, y of eq. (4.3) as
Actually, there is a very natural reason why the previous educated guess should work. The action (4.6) describes the Nambu-Goto action for a four dimensional string in a uniform light-cone gauge. Its N = (0, 2) superstring extension has been studied long ago by Hughes and Polchinski in one of the seminal works on partial supersymmetry breaking [43] . In fact, their results lead to an action equivalent to (4.7) which in turn admit a nonlinearly realised extra N = (2, 0) supersymmetry. See ref. [44] for a more recent analysis, that we will follow quite closely in section 5 when we will review and extend the results on partial supersymmetry breaking of (4.7). Considering that the action (4.7) was already known to be a N = (0, 2) extension of (4.6), it is absolutely natural to guess that it describes the supersymmetric TT flow. Let us now validate this guess.
Some limits of the deformed action
As a first sanity check of our proposal we consider it in some limits, starting from α → 0. In that case, it is manifest that only the first summand in (4.7) survives, so that we find 11) which is indeed the free action for the supersymmetric extension of (4.1). Furthermore, we can check which form the action (4.7) takes when setting some of its fields to zero. To this end, it is useful to note that
Setting now all ψ =ψ = 0 we find that the action takes the form
as expected. Conversely, keeping track of the fermions but setting the bosons to zero, φ =φ = 0, we have
This is indeed the TT -deformation of a complex free-fermion action.
Constructing the deforming operator
If the action (4.7) satisfies the supersymmetric TT flow equation, then the following equation must be satisfied
It is easy to compute the left-hand side of this equation,
As for the right-hand side of eq. (4.15), we can find the supercurrents by coupling the theory to supergravity-in analogy to how the Hilbert stress energy tensor is computed by coupling the theory to a metric. For this task, we can use off-shell supergravity techniques developed in the 1980s, see appendix B for detail and references. With this analysis at hand, it is straightforward, though lengthy, to derive the supercurrent R-multiplet of the action (4.7). The details of the supercurrent computation, that might be in principle used in the future also for more complicated models, are relegated to appendix B. The results of our analysis are as follow. We find
where we indicated with ellipsis terms which will not play a role in our computation. Indeed when considering the product S ++ T −−−− such terms vanish identically due to their Grassmann-odd nature and the fact that S ++ is proportional to (D + ΦD +Φ ). Furthermore when truncating to the bosonic part of these supercurrents, one can check that the stressenergy tensor superfields (2.8) satisfy
where µ, ν = ++, −− and the right-hand side is the bosonic stress-energy tensor in eq. (4.5). 7 From these expressions and eq. (2.13) it follows that
19) where, once again, the terms in the ellipsis are irrelevant when considering the product W − W − . It is now a matter of algebra to find 20) which shows that indeed eq. (4.15) holds.
Expression in components and comparison with the "Noether" deformation
It is instructive to rewrite the deformed action (4.7) explicitly in components. By using the definition of the superfields (4.8) and performing some integration by parts we can recast the action in the form
where the subscript "susy" emphasises that the action was obtained from our manifestly supersymmetric construction. Note that we introduced a short-hand notation for the fermion bilinears
The coefficient A(x, y), B(x, y), etc., depend on the bilinear combinations of the bosonic fields x, y of eq. (4.3) and on the deformation parameter α; they are given in appendix C. Without delving too deep in their specific form, we simply note that all these coefficients are non-vanishing. We wish now to compare the form of this action with that of a TT deformation built out of the Noether energy-mometum tensor. As emphasised in ref.
[15], we should not expect the two actions to be identical-indeed that was found not to be the case already for deformations of an N = (0, 1) Lagrangian. Again in ref. [15] , the deformation of a free supersymmetric action of eight N = (1, 1) multiplets was constructed by exploiting a connection with light-cone gauge-fixed strings [15] . For the reader's convenience, let us copy that result-which is given in eq. (4.18) there-specialising to the case where the undeformed action takes the form (4.11) corresponding to an N = (0, 2) theory. We have
(4.23) The action can be readily expanded in powers of the fermion bilinears Ψ and Ψ ++++ , and indeed it truncates at quadratic order. It is easy to see that no term without derivatives on the fermions-such as the one multiplying D −− (x, y) in the supersymmetric action (4.21)-may be generated in this expansion. 8 Despite such a substantial difference, the two deforming operators, which may be found from the two actions by taking the partial α-derivative, should coincide on-shell. It is easy to verify that this is the case in the N = (0, 1) case where ψ + ≡ψ + ; then both actions are linear in Ψ and Ψ ++++ , and theψ + ψ + term vanishes identically. As discussed at some length in ref. [15] , the fermion equations of motions for the supersymmetric and "Noether" action then coincide, which is sufficient to show that the two deforming operators coincide on-shell at all orders in α. In the full N = (0, 2) case, however, the fermion equations of motions are different and in order to check the on-shell equivalence of the two deforming operators it is necessary to use both the fermion and boson equations of motion which makes things rather less transparent. Nonetheless, we expect the two constructions to be fully equivalent and we have verified that this is the case up to terms of order O(α 3 ).
Partial supersymmetry breaking N = (2, 2) → (0, 2)
In the previous section, we have found the action for the supersymmetric TT -deformation of a N = (0, 2) free theory, eq. (4.7). This action, which is equivalent to the one originally studied in [43] , as shown in [44] , resembles the four dimensional Bagger-Galperin action which describes the partial supersymmetry breaking from N = 2 to N = 1 in four dimensions [45] . Interestingly, the TT -deformed free model is related to partial supersymmetry breaking in two dimensions. 9 Indeed, following [44] , we will show that exactly the same action describes a model of partial supersymmetry breaking from N = (2, 2) → N = (0, 2) in two dimensions [44] .
In light-cone coordinates, a flat 2D N = (2, 2) superspace is parametrised by
and spinor covariant derivatives and supercharges are given by
together with their complex conjugates. They obey the anti-commutation relations
with all the other (anti-)commutators between Ds, Qs, and ∂ ±± being identically zero. Given an N = (2, 2) superfield F(ζ) = F(σ ±± , θ ± ,θ ± ) its supersymmetry transformations are given by
To discuss the partial supersymmetry breaking, we begin introducing the simplest N = (2, 2) scalar multiplet. This is described by an N = (2, 2) chiral superfield Υ(ζ) satisfyingD
In general, Υ(ζ) can efficiently be decomposed into N = (0, 2) multiplets expanding in the
(5.6)
Here Φ and Ψ + are N = (0, 2) scalar and Fermi chiral multiplets satisfyinḡ
Since we are interested in partial supersymmetry breaking, we only consider the transformation under Q − ,Q − and thus set + =¯ + = 0. The + ,¯ + transformations will have preserved off-shell supersymmetry while the η − ,η − transformations will be the ones spontaneously broken. The supersymmetry transformation rules can straightforwardly be read from (5.4) and, in particular, the two N = (0, 2) superfields transform under the left supersymmetry as
To realize the partial supersymmetry breaking from N = (2, 2) to N = (0, 2), one needs to deform the above transformation rules tõ
where κ has mass dimension 1 and represents the supersymmetry breaking scale. As described in details in [43, 44] , the extra κη − θ + term is linked to a central charge deformation of the supersymmetry algebra which is necessary to have partial supersymmetry breaking.
In fact, if we define Ξ + := D + Φ, by using the previous transformations it follows
As in [49] , these transformations can be converted into standard non-linearly realised supersymmetry transformations by defining
where λ, which transforms as
is the complex goldstino associated to the N = (2, 2) → (0, 2) partial supersymmetry breaking. One can then show thatΞ + andΨ + transform homogeneously as
This enables one to impose the supersymmetric invariant constraintsΞ + =Ψ + = 0 that are solved by
The previous result can also be rewritten as
together with its complex conjugates. By using a standard trick [44, 45] , the denominator (κ + D + Ψ + ) cannot contribute terms likeD +Φ , since the same fermionic terms appear already in the numerator. Hence the (κ + D + Ψ + ) term only appears effectively as 16) which leads to
Their solution gives
Substituting back into (5.14), one can express Ψ + in term of Φ,Φ and their derivatives
By construction, the two N = (0, 2) superfields Φ(ζ) and Ψ + (ζ) also possess a hidden non-linearly realised N = (2, 0) supersymmetry (5.9). Now we can construct the following full superspace action
Alternatively, since Υ is chiral, one can also consider the following supersymmetric action integrating over half superspace
Note that here Υ(ζ) is defined as in (5.6) but with Φ(ζ) and Ψ + (ζ) now transforming as in (5.9). Then the supersymmetry N = (2, 2) transformations of Υ(ζ) gets modified tõ This also justifies the manifest N = (2, 2) superspace formulation of the actions in (5.20a) and (5.21a). Using (5.15), it can be even shown that the above two actions with N = (2, 2) supersymmetry are equivalent
Inserting the explicit solution (5.19), one can explicitly write down the action as
(5.24) Once we identify 25) it is obvious that (5.24) gives exactly our previous TT -deformed action S α in eq. (4.7), showing that S α , besides being manifestly N = (0, 2) supersymmetric, is also invariant under the extra spontaneously broken N = (2, 0) supersymmetry (5.9).
A Useful results for section 3.2
Here we collect some useful technical results used in section 3.2. Equation (3.12) are
and
where the unprimed superspace covariant derivatives, D A = (∂ ±± , D + ,D + ), act only on the superspace coordinates ζ while the primed derivatives D A act only on ζ . To emphasise the difference between (3.12), (A.1a), (A.1b) and (3.13), before and after the θ = θ limit, it is also useful to point out that the following equations hold:
The last terms, that are function of the distances in the grassmannian directions, (θ + −θ + ) and (θ + −θ + ), are not multiplying a generator of (super-)translations. For this reasons, in general, they do not annihilate superspace OPE coefficients, which is necessary for the argument in section 3.2 to go through. Since these terms disappear when θ = θ , it is enough to consider the coincident grassmannian limit for (3.13), which derives from (A.1a)-(A.3), to be true. This is in the end suffices to show the well-definedness of the composite operator O −− (ζ). To make more clear how to properly read eq. (3.13) let us elaborate further on how to interpret expressions where the θ = θ limit is taken. Given two superfields U 1 (ζ) and U 2 (ζ ) we consider the superspace point-split bilocal operator O(ζ, ζ ) = O(σ, θ; σ , θ ) defined as
and represents a point-split version in the bosonic coordinates σ and σ of the composite operator O(ζ) := U 1 (ζ)U 2 (ζ). We define the following differential operators
These satisfy the same algebra as the un-hatted covariant derivatives and supercharges, e.g. 
and similar expressions for their complex conjugates. The convenience to have introduced the hatted operators becomes clear when we consider how supersymmetry transformations act on O(σ, σ , θ). By using (2.4) for δ Q U 1 (ζ) and δ Q U 2 (ζ), it follows
which can be equivalently represented as
Then the hatted operators are the ones generating translations and N = (0, 2) supersymmetry transformations of bilocal operators such as O(σ, σ , θ). These are the operators appearing in (3.13). Moreover, the results above make it evident that taking the θ = θ limit and acting on bilocal superfields with Grassmann dependent differential operators are two commuting operations.
B Computation of the supercurrent
In this appendix, we calculate the supercurrent of the action (4.7) in order to verify that it is indeed arising form the TT deformation of the free theory (4.11). The strategy to compute the supercurrent is to couple the model to supergravity in superspace and then taking functional derivates with respect to the gravitational superfield prepotentials. This procedure is the superspace analogue of the calculation of the Hilbert stress-energy tensor in a generic QFT.
The study of 2D N = (0, 2) supergravity in superspace was largely developed in the 1980s and we refer the reader to the following works and references therein for details [50] [51] [52] [53] [54] [55] [56] [57] . In particular, we refer to [52, 57] that we will closely follow including their notations. The covariant derivatives are defined as
Due to the covariant properties of these derivatives and the isomorphism of different representations of the superalgebra, all the expressions in different notations should take the same form except for the coefficients. When translating among different notations, the coefficients can be fixed unambiguously by comparing the component expression. For our superrcurrent, the coefficients can be fixed by considering the component of the suprcurrent which are related to the energy-momentum tensor.
B.1 N = (0, 2) supergravity
In this section, we review the 2D N = (0, 2) supergravity following references [52, 57] . The superspace geometry we consider is based on a structure group based on the 2D Lorentz group. The covariant derivatives include the super-Vielbein E M A and its inverse E A M , together with the Lorentz connection superfield ω M , and take in general the form 10
They satisfy an algebra of the form
The torsion T AB C and curvature R AB superfields represent highly reducible representations of local supersymmetry and they are in general constrained to appropriately describe the multiplet of N = (0, 2) Poincaré supergravity off-shell. We refer to [52, 57] for a detailed analysis of the constraints for the torsion and curvature tensors and the Bianchi identities they satisfy. For the purpose of computing the supercurrent it is enough to describe how the constraints are solved at the linear order in terms of a set of unconstrained "prepotential" superfields that play the role of the metric in the context of superfield supergravity, see [48, 58] for pedagogical reviews. At linearised order the covariant derivatives can be expanded about a flat background as
where the superconnection ω A is completely determined in terms of H A M . To linear order, the constraints can be solved in terms of three independent prepotential superfields:
, and H −− . All the other components of H A M can be expressed in terms of the prepotentials. The expressions used in our paper are 11
The various components of the supergravity multiplet can be obtained from the prepotentials through projections. In particular, the linearised metric fluctuations are
After solving the constraints, the linearised supergravity transformations of the pre- 11 The complex conjugate relation is (
potentials turn out to be [52, 57] 
where K −− is real, while Λ ++ ,Λ ++ are chiral and anti-chiral respectively:
B.2 R-multiplet from supergravity
Consider a general Lorentz invariant matter system coupled to N = (0, 2) supergravity. Its action expanded to first order in the supergravity prepotential is
which leads to
where the ellipsis represent the fermionic contributions.
Assuming that the equations of motion for the matter are satisfied, the variation of the action under arbitrary supergravity gauge transformations (B.9) takes the form
The invariance of the action then dictates the following conservation equations
These, are exactly the conservation law for the R-multiplet (2.14).
B.3 Computing the supercurrent
Next we are going to derive the supercurrent multiplet for the models of interest in our paper. To do that, we first need to covariantise the actions.
Since we are dealing with scalar multiplets, the Lorentz connection ω A will be irrelevant for our calculations. Then the covariant derivatives will always be
The superdensity is expanded at the linear order in terms of the prepotentials as
We also need to define the covariantly chiral and anti-chiral superfields in supergravity
To linearised order, one finds the following expression for a covariantly (anti-)chiral superfield, (Φ)Φ, in terms of a standard (anti-)chiral superfield, (Φ) Φ,
To covariantise a matter action coupled to supergravity, we replace all the quantities with covariant ones:
The superdensity E −1 should also be taken into account in the superspace measure.
B.3.1 Free theory
To illustrate the strategy of computing the supercurrent, let us first consider the free theory. The action is
In the supergravity case the action takes the form
The integrand can be computed explicitly. To linear order in the prepotentials, it holds
Plugging this back into the action (B.19) and integrating by parts, we get
where
This is indeed the correct supercurrent R-multiplet for a massless free theory.
B.3.2 TT -deformed action
Now, we switch to our TT -deformed action (4.7). In terms of the notation employed in this appendix it is given by
Covariantising it, we get
Since the free part has been computed, we now focus on the second term, the non-linear part. The three currents are considered separately.
• Computation of R ++ The simplest current is R ++ which can be computed by turning on only H −− ++ while setting the other prepotentials to zero H −− = H −− −− = 0. In this case, to leading order, the covariant derivatives are given by
The superdensity is E Then, it is straightforward to extract the R ++ supercurrent which takes the form
where the free part contribution has also been included.
• To simplify the calculation, from now on we focus on terms contributing to the supercurrent which have no bare D + Φ andD +Φ terms. The reason is that, when we consider the TT primary operator, the contribution involving T −−−− will appear in the product T −−−− R ++ . From the explicit expression of R ++ (B.30), we immediately see that any D + Φ,D +Φ part in T −−−− has no contributions due to its fermionc nature. After some integration by parts in (B.37) we obtain 39) where the ellipsis represent terms proportional to D + Φ orD +Φ , and we used the relations
Once we add the contribution form the free action (B.22c) we obtain
It is easy to verify that these supercurrents give rise to the correct energy-momentum tensor in the pure bosonic case. This also enables us to translate the results here into the notation of the main body of the paper.
C Deformation of the free action in components
We have given schematically the component expression of the supersymmetric TT deformation of a free N = (0, 2) action in eq. 
